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Abstract-using elementary ideas and techniques, we prove (Theorem 2) that for a nonconstant 
differentiable function f : [a, b] - W, a < b, the set S(f) = {I E [a, b] : f’(z) # 0) cannot be 
negligible. This result remains valid if f fails to be differentiable on a countable subset of [a,b]. 
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Calculus students are familiar with the following result: A function f, continuous on [a, b] and 
diflerentiable on (a, b), is constant on the interval [a, b] if and only if f’(z) = 0 for every x E 
(a, b). Thus, for a function f, which is differentiable on (a, b) and nonconstant on [a, b], the set 
S(f) = {x E (a, b) : f’(x) # 0) is not empty. 
Being “not empty” is certainly an important property of S(f). By asking appropriate questions, 
we can find additional interesting information about S(f). 0 ne such question could be: is there 
any function f, dinerentiable on (a, b) and nonconstant on [a, b] such that S(f) = {CIT E (a, b) : 
f’(z) # 0) fi ‘t is nz e or countable? The answer to this question can be derived from the following 
result. 
THEOREM 1. Let a < b and f : [a, b] + R be continuous on [a, b] and differentiable on (a, b). 
Then the image off’, Im f’, is an interval. 
PROOF. It is enough to show that if f’(x) changes sign in (a, b), then it must be equal to zero at 
some point of (a, b). Assume that f’(xl)f’(zz) < 0 where 21,x2 E (a, b) and x1 < ~2. Then, in 
the case when f’(xl) < 0 < f/(x2), we obtain that 21 and 22 are both maximum points of f in 
I = [xl, 221. Hence, f has an absolute minimum point x0 E (21, x2), and f’(zo) = 0. The proof 
for the case f’(z2) < 0 < f’(xl) is similar. 
We now use Theorem 1 to prove that the answer to our question is negative. In fact, assume that 
S(f) is either finite or countable. Then f’(S) cannot be uncountable. Since Im f’ c (0) U f’(S) 
and, by Theorem 1, Imf’ is an interval, we obtain that Im f’ must be a point. This implies the 
existence of d # 0 such that f’(x) = d for all LX E [a, b]. Hence, S(f) = [a, b]. This contradicts 
our previous assumption. 
Another interesting question about S(f) could be the following: given an uncountable set 
K c [a, b], can we find a function f, which is differentiable on (a, b) and nonconstant on [a, b] 
such that S(f) = K? Also the answer to this question is negative. In fact, Theorem 2 below says 
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that S(f) is not negligible. This result can be obtained in many different ways, and the main goal 
of this paper is to provide a proof by means which are easily accessible to senior mathematics 
majors. 
We first present some definitions and notations which will be used in the proof. Recall that a 
set N c [a, b] is negligible (or null) if, for every T > 0, we can find a cover of N with a countable 
family of open intervals of total length not exceeding T-. Every finite or countable set is clearly 
negligible. Thus, nonnegligible sets must be uncountable. However, not every uncountable set is 
nonnegligible. For example, the Cantor ternary set is uncountable but negligible. All intervals 
with more than one point are uncountable and nonnegligible. 
The following lemma contains some elementary properties of negligible sets. The length of a 
bounded interval I is denoted by L(I). The complement of a set IR is denoted by A”, i.e., 
= {z R : $ A}. 
1. 
(a) Any subset of a negligible set is itself negligible. 
(b) Any countable set is negligible. 
(c) Let N be a negligible set and I be an interval, L(I) > 0. Then I n NC # 0. 
(d) Let NI, . . . Ni, . . . be a countable family of negligible sets. Then N = UiN, is negligible. 
PROOF. The first three properties can easily be established from the definition of a negligible 
set. To prove the last property, let T > 0 be given. For each Ni, find a countable family 
Fi = {J,,, . . . , Ji,, . . . } of open intervals such that 
The family F = {Ji, : k = 1,2, . . . , n, . . . ; i = 1,2, . . . , m, . . . } is a countable covering of N, and 
the total length of all intervals of F does not exceed 
-gyL(J,,)=~ 3 =r. 
i=l kc1 i=l 
Therefore, N = U,N, is negligible. 
We now state and prove the result we announced before. 
THEOREM 2. Let a nonconstant function f : [a, b] + R be continuous on [a, b] and differentiable 
on [a, b] except possibly on a countable set C. Then S(f) = {z E [a, b] \ C : f’(s) # 0) is not 
negligible. 
To prove Theorem 2, we need two auxiliary lemmas. 
LEMMA 2. Assume that f : [a,b] + R is differentiable on a negligible set Y c [a, b] except 
possibly on a countable set C c Y. Then f(Y) is negligible. 
PROOF. Since f(C) is countable, and therefore, negligible (see Lemma l), we may assume, 
without loss of generality, that f is differentiable at every point of Y. Define Yk, k = 1,2,. . . to 
be the negligible subsets of Y : Yk = {X E Y : If’(z)1 5 k}. Then Y = UkYk and it is enough to 
show that f(Yk) is negligible for every k. 
Let k be fixed and set X = Yk. Select 2 E X. The inequality If’(z)1 5 k implies the existence 
of d(z) > 0 such that If(y) - f(z)1 I (k + l)lv - z I f or all 2 E [u,b], ly - 2) I d(z). For every 
m= 1,2,... define 
X, = 2 E X : If(y) - f(z)1 5 (k + l)ly - XI, for all y E z - i, 
Since X = u,X, it is enough to prove that f(X,) is negligible for every m. 
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Let m be fixed and T < l/m be given. Cover X, with a countable family of open intervals 
14% :i= 1,2,... } of total length not exceeding r/3(rC + 1). Each interval Im, has the property 
L(&) < l/m. Let zi E Imi. From the definition of X,, we derive If(y)-f(zi)] I (~+I)]Y--4, 
for every y E I,.. Consequently, L(f(lmi)) < 2(lc + l)L(&) and f(Xm) can be covered by a 
countable family of open intervals of total length smaller than 
3(k + 1) 5 L(kz*) 5 3(k + 1)&j = r. 
i=l 
Since this is true for every T, we obtain that f(Xm) is negligible. 
The assumption of differentiability is crucial in Lemma 2 since we can find a continuous func- 
tion f on [0, l] which maps the Cantor set onto the interval [0, 11. 
The next lemma can be seen as a generalization of the fact that if f’ is identically zero then 
Im f is just one point. 
LEMMA 3. Let f : [a, b] -+ R and 2 = {x E [a, b] : f'(z) = 0). Then f(2) is negligible. 
PROOF. Without loss of generality, we may assume that a = 0 and b = 1. Let T > 0 be given 
and for every positive integer n define 
2, = 
1 
z E 2 : If(z) - f(x)1 5 f 122 - z(, for every t E 
( 
z - &, z + & n [O, l] . 
> 1 
Obviously, 2 = UF=, 2,. Let ni 2 1 be the first index such that Z,, is not empty. Partition 
[0, l] = Ji into 2n1 intervals with the equally spaced nodes 0, 1/2n,. . . , 1. Denote the 2n1 consec- 
utive intervals by Im, m = 1,2,. . . , 2nl and let Ici be the set of indices for which I, n Z,, # 0. 
For every m E kl select z, E I, n Z,, . From the definition of Z,, , we derive 
Hence, f(Zn,) can be covered by Ici open intervals of total length not exceeding rlci2-‘Q. 
Let Jz be the complement in [0, l] of U{Im : m E ICI} and let n2 > nr be the first index such 
that Z,, n J2 # 8. Cover J2 with nonoverlapping intervals I, of length 2-nz. Let kz be the 
set of indices for which I,,, n Z,, # 0, m E k 2. With the same argument used above for IQ, we 
establish that f(Znz) can be covered by k2 open intervals of total length not exceeding rk22-“2. 
Moreover, k12-“’ + k22-“2 5 1. Th is process can be continued to find kg,. . . , kp, . . . such that 
k12- + k 2 2-Q + . . . + I@- + . . . < 1 - . 
Hence, f(Z) can be covered with a countable family of open intervals of total length not exceed- 
ing r. Since this is true for every r, we obtain that f(Z) is negligible. 
PROOF OF THEOREM 2. Since f is continuous, Im f is a closed interval J. Assume that 5’ = S(f) 
is negligible and let Z = {z E [a, b] : f'(s) = 0). 
We have [a, 61 = C U Z U S and we know that f(C), f(S) and f(Z) are all negligible. From 
Lemma 1 we obtain that Im f must be a point. Hence f is constant. This contradiction establishes 
the theorem. 
Other proofs of Theorem 2 can be provided using known theorems of the Lebesgue theory 
of Measure and Integration. However such proofs require a breadth of knowledge not usually 
expected from an undergraduate and are based on a platform of results more sophisticated and 
complex than our Lemmas (see [2]). 
As we mentioned before, there exists a continuous function f which maps the Cantor set K 
onto the interval [0, 11. Moreover f can be constructed so that f’(z) = 0 for every z $ K. From 
Theorem 2, we derive that f’ cannot exists on an uncountable set K’ c K (see [4]). 
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A question of some interest, and related to the topics of this paper, is the construction of a 
negligible and uncountable set K which is dense in [0, 11. This can be accomplished as follows. 
Let T = {qi,qz,. . . } be a listing of all rationals of [0, l] and let K be the Cantor set. It is known 
that K is negligible and uncountable (see [l]) . Define 
K, = qn + K(mod 1) = 
qn +c, ifq,+c<l, 
Qn+C-L ifq,+c> 1, 
for every c E K. 
Then Km = U,K, is dense in [0, 11, negligible, and uncountable. 
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